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Chapter 5 - Plane Kinematics of Rigid Bodies

PART I

Dynamics of Rigid Bodies
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CHAPTER S

Plane Kinematics
of Rigid Bodies

CHAPTER OUTLINE

5/1 Introduction

5/2 Rotation

5/3 Absolute Motion

5/4 Relative Velocity

5/5 Instantaneous Center of Zero Velocity
5/6 Relative Acceleration

5/7 Motion Relative to Rotating Axes

5/8 Chapter Review Rigid-body kinematics describes the relationships
between the linear and angular motions of
bodies without regard to the forces and moments
associated with such motions. The designs of
gears, cams, connecting links, and many other
moving machine parts are largely kinematic
problems.
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Chapter 5 - Plane Kinematics of Rigid Bodies

st | Introduction

We need to describe the motion of rigid bodies for two important reasons.

First, we frequently need to generate, transmit, or control certain motions by the
use of cams, gears, and linkages of various types.

Second, we must often determine the motion of a rigid body caused by the
forces applied to it.

This chapter covers the kinematics of rigid-body motion which may be
analyzed as occurring in a single plane.

In Chapter 7 we will present an introduction to the kinematics of motion
in three dimensions.
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Chapter 5 - Plane Kinematics of Rigid Bodies

st | Introduction

Rigid-Body Assumption

Arigid body:

A system of particles for which the distances between the particles remain
unchanged.

If the movements associated with the changes in shape are very small
compared with the movements of the body as a whole, then the assumption of
rigidity is usually acceptab
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Chapter 5 - Plane Kinematics of Rigid Bodies
si1 | Introduction
Plane Motion

A rigid body executes plane motion when all parts of the body move in
parallel planes.

For convenience, we generally consider the plane of motion to be the
plane which contains the mass center, and we treat the body as a thin
slab whose motion is confined to the plane of the slab.

This idealization adequately describes a very large category of rigid-
body motions encountered in engineering.
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Plane Motion

< Translation
< Rotation
< General plane motion

wa)

Chapter 5 - Plane Kinematics of Rigid Bodies

Type of Rigid-Body Plane Motion Example
/ A’ \
(a) —_—
Rectilinear
translation
B’ o o
Rocket test sled
A’ \
(b) *
Curvilinear / /
translation
Bf
Parallel-link swinging plate
(c)
Fixed-axis
rotation
Compound pendulum
A
(d)
General
plane motion
B Connecting rod in a
reciprocating engine
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Chapter 5 - Plane Kinematics of Rigid Bodies

52 | Rotation

o The rotation of a rigid body is described by its angular motion.

=01+ 8

. . 2 1

92=91 B /
Ep

% = 0 3

< All lines on a rigid body in its plane of motion have the same angular
displacement, the same angular velocity, and the same angular acceleration
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Chapter 5 - Plane Kinematics of Rigid Bodies

52 | Rotation

Angular-Motion Relations

The angular velocity w and angular acceleration o

co=@=6
4
a—d—w—cb or a—@—
T dt S der
wdw=adb or 6dé =06d6

< For rotation with constant angular acceleration:
W= Wy + at

w? = wy? + 2a(6 — 9,)

@ 8 = 6, + wot + yat®
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52 | Rotation

Angular-Motion Relations

Rotation about a Fixed Axis
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Chapter 5 - Plane Kinematics of Rigid Bodies

52 | Rotation

Angular-Motion Relations

2 Using the cross-product relationship

V=r=QXr

rxXw=-v

Aa=V=wXr+woxr
—woX(WXr)+oXr | |

= WXV+aXr
V=WwWXr

—p a,=0X(wXr)

@ T
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Chapter 5 - Plane Kinematics of Rigid Bodies

SAMPLE PROBLEM 5/2

The pinion A of the hoist motor drives gear B, which is attached to the
hoisting drum. The load L is lifted from its rest position and acquires
an upward velocity of 3 ft/sec in a vertical rise of 4 ft with constant
acceleration. As the load passes this position, compute (a) the accel-
eration of point C on the cable in contact with the drum and (b) the

angular velocity and angular acceleration of the pinion A.

[v? = 2as] a =a,=10v%/2s = 32/[2(4)] = 1.125 ft/sec?
la, = v¥/r] a, = 3%/(24/12) = 4.5 ft/sec?
la = Va,? + a,”] ac=1/(4.5)? + (1.125)% = 4.64 ft/sec?

[v = rol wg=v/r=3/(24/12) = 1.5 rad/sec
la, = ral ap =a,/r=1.125/(24/12) = 0.562 rad/sec?

Wy = B wp = 18/12 1.5 = 4.5 rad/sec CW
rA 6/12
ra 18/12
ay =— ag = —-—0.562 = 1.688 rad/sec? CW
AT P 612

dff,wb Seolu s (w30 — SEo0 (cwaigo suSiSlS °

a, = 1.125 ft/sec?
C

e /
WA

¥ a, = 4.5 ft/sec?

O:A/ @ a = 1.125 ft/sec?
CCJA\ U1 T T

A

v=2J3ft/sec
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SAMPLE PROBLEM 5/3

The right-angle bar rotates clockwise with an angular velocity which is
decreasing at the rate of 4 rad/s?. Write the vector expressions for the
velocity and acceleration of point A when w = 2 rad/s.

w = —2k rad/s and a = +4k rad/s?

[v =0 X r] v=—2k x (0.4i + 0.3j) = 0.61 — 0.8 m/s
la, —w X (@xr)] a =2k x (0.6i — 0.8)) = —1.6i — 1.2 m/s?
[a, = a X 1] a, =4k x (0.4i + 0.3j) = —1.2i + 1.6j m/s®
—9.8i + 0.4j m/s?

[a =a, + a] a

—_—

v=0.6%2+0.8%2=1m/s and a=2.8% + 0.4%2 = 2.83 m/s?
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Chapter 5 - Plane Kinematics of Rigid Bodies

5/3 | Absolute Motion

We now develop the approach of absolute-motion analysis to describe the
plane kinematics of rigid bodies.

In this approach, we make use of the geometric relations which define the
configuration of the body involved and then proceed to take the time
derivatives of the defi ning geometric relations to obtain velocities and
accelerations.

The absolute-motion approach to rigid-body kinematics is quite
straightforward, provided the configuration lends itself to a geometric
description which is not overly complex. If the geometric configuration is
awkward or complex, analysis by the principles of relative motion may be
preferable.
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Chapter 5 - Plane Kinematics of Rigid Bodies

SAMPLE PROBLEM 5/4

A wheel of radius r rolls on a flat surface without slipping. Determine b ¢
the angular motion of the wheel in terms of the linear motion of its
center O. Also determine the acceleration of a point on the rim of the
wheel as the point comes into contact with the surface on which the

wheel rolls.

s=rb
Vo =Tw
ap =ra
x=s—rsinf=r(@—sino) y=r—rcos@=r(l-cosb)
% =r6(1 — cos ) =vo(1 — cos O) y =rfsin 6 = vysin 6
¥ =00(1 - cos 8) + vo6 sin 6 ¥ =0psin 6 + vp0 cos 6
=ay(1 — cos 8) + rw’sin 8 = apsin 8 + rw?cos 6

0=0 =P x=0 and ¥ =row?

v =uxi+ yj a=2Xi+)j
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Chapter 5 - Plane Kinematics of Rigid Bodies

SAMPLE PROBLEM 5/5

The load L is being hoisted by the pulley-and-cable arrangement shown.
Each cable is wrapped securely around its respective pulley so it does
not slip. The two pulleys to which L is attached are fastened together to
form a single rigid body. Calculate the velocity and acceleration of the
load L and the corresponding angular velocity w and angular accelera-
tion a of the double pulley under the following conditions:

Case (a) Pulleyl: w@;=@; =0 (pulley at rest)
Pulley 2:  wy =2 rad/sec, ay = @, = —3 rad/sec?

Case (b) Pulley 1: w; = 1radfsec,ay =@, =4 rad/so:—zc2

Pulley 2:  w, =2 rad/sec, ay = @, = —2 rad/sec?
Case (a) o
e 5 — dsp -
dsp =AB df vg =ABw (ap); = ABa dsg, B ,1 " Vo~
S o o - //}\
dso=AO0d6  vy,=AOw ap = AOa i ’5"\ B - 3

Case (a)
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Chapter 5 - Plane Kinematics of Rigid Bodies

Up = rowe = 4(2) = 8 in./sec and ap = roay = 4(-3) = —12 in./sec?

w =vg/AB = vp/AB = 8/12 = 2/3 rad/sec(CCW)
= o o
a = (ag),/AB = ap/AB = —12/12 = —1 rad/sec*(CW)

vo =A0w = 4(2/3) = 8/3 in./sec
= -
ap=A0ax=4(-1)=-4 in./8602

&)
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Chapter 5 - Plane Kinematics of Rigid Bodies

SAMPLE PROBLEM 5/5

The load L is being hoisted by the pulley-and-cable arrangement shown.
Each cable is wrapped securely around its respective pulley so it does
not slip. The two pulleys to which L is attached are fastened together to
form a single rigid body. Calculate the velocity and acceleration of the
load L and the corresponding angular velocity w and angular accelera-
tion a of the double pulley under the following conditions:

Case (a) Pulley 1:

Pulley 2:

Case (b) Pulley 1:

Pulley 2:

Case (b)

dsg — dsy =AB df
dsy — ds, = AO d6

WW’)

w1 = w; = 0 (pulley at rest)
wy = 2 rad/sec, ay = @, = —3 rad/sec’

w; = 1 rad/sec, a; = @, = 4 rad/sec?
wy = 2 rad/sec, ay = @y, = —2 rad/sec?

vg — vy = ABw (ag); — (ay), = ABa

(aA)t

d dSB
Vo — Us = AOw ap — (ay), = AOa dSAr___ 6’1 fA 3

Soolind (wy0 — Silo cwaddin 0uSCiS1S

N
Case (b) (ap),




Chapter 5 - Plane Kinematics of Rigid Bodies

ve =riw; = 4(1) =4 in./sec Up = rowe = 4(2) = 8 in./sec
ac = ra;, = 4(4) = 16 in. /sec? ap = roay = 4(-2) = —8 in./sec?
wolBTlA_UpVc_8-4 4 d/sec (CCW)
: AB AB 12
(ag), — (an);, ap-ac -8 —16
a= — =——= = —2 rad/sec’ (CW)
AB AB 12

vo =04 +AOw =vp+AOw = 4 + 4(1/3) = 16/3 in. /sec
ap = (ay), +AOa = ac +AOa =16+ 4(-2) =8 in. /sec?

&)
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Chapter 5 - Plane Kinematics of Rigid Bodies

SAMPLE PROBLEM 5/6

Motion of the equilateral triangular plate ABC in its plane is controlled
by the hydraulic cylinder D. If the piston rod in the cylinder is moving
upward at the constant rate of 0.3 m/s during an interval of its motion,
calculate for the instant when 6 = 30° the velocity and acceleration of
the center of the roller B in the horizontal guide and the angular veloc-
ity and angular acceleration of edge CB.

va=y=0.3m/s

ay=y=0
x2+y2=b2
. . . Yy .
xx +yy =0 x=—;y
. 2 | 2
g e g . X +y oy
xx+x"+yy+y =0 X=-—— = Y
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Chapter 5 - Plane Kinematics of Rigid Bodies

y=bsinf,x=bcosf,and y =0

vg=x=—-v,tan b
. UA2 3
agp =X = T sec’° 0

vy =0.3m/s and 6 = 30°

1
vp=-0.3 (%) =-0.1732 m/s

»
(0.3)2(2/4/3)? ,
ag = — = -0.693 m/s
0.2
. . s Ua . A - UA2
g y=b6cos 6 w=e=3sece a=w= F@secetanezb—sec O tan @
0.3 2
W —0—27— 1.732 rad/s

(0.3)2 ( 2 )2 1 ,
= = 1.732 rad
@ T 027 \V3/ V3 rad/s
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Chapter 5 - Plane Kinematics of Rigid Bodies

si4 | Relative Velocity

2 The principles of relative motion: VA =VE+t Va/p

Relative Velocity Due to Rotation

Motion relative to B Motion relative to A

UA/B =rw

AI'A = AI'B + ArA/B * V4 = Vg o= VA/B *

VA/B:COXI'
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si4 | Relative Velocity

Interpretation of the Relative-Velocity Equation
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Chapter 5 - Plane Kinematics of Rigid Bodies

SAMPLE PROBLEM 5/7

The wheel of radius » = 300 mm rolls to the right without slipping and
has a velocity vg = 3 m/s of its center O. Calculate the velocity of point
A on the wheel for the instant represented.

Solution I (Scalar-Geometric)

V4 = Vp ol Va0

[vai0 = 100l vao = 0.2(10) = 2 m/s
r
UAE =32+ 2% + 2(3)(2) cos 60° = 19 (m/s)? vy = 4.36 m/s I \\\ u5+———;x '
vy
L
W
3
C

AC 0.436

vajc =ACw = oc U= 0.300 () =436m/s  va=vac=436m
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Chapter 5 - Plane Kinematics of Rigid Bodies

SAMPLE PROBLEM 5/7

The wheel of radius » = 300 mm rolls to the right without slipping and
has a velocity vg = 3 m/s of its center O. Calculate the velocity of point
A on the wheel for the instant represented.

Solution II (Vector)

Va4 =Vp T Vupo=Vp T @ XTI
w = —10k rad/s
rp = 0.2(—1cos 30° + jsin 30°) = —0.1732i + 0.1j m
vp = 3im/s
1 j k
vy =31+ 0 0 —-10| =3i+ 1.732j +1
—0.1732 0.1 0

= 4i + 1.732j m/s

P oy, = /42 + (1.732)* = J19 = 4.36 m/s
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Chapter 5 - Plane Kinematics of Rigid Bodies

SAMPLE PROBLEM 5/10

The power screw turns at a speed which gives the threaded collar C a
velocity of 0.8 ft/sec vertically down. Determine the angular velocity of
the slotted arm when 6 = 30°.

vy = vgcos f = 0.8 cos 30° = 0.693 ft/sec

va 0693

i = —

OA (%)!coa 30°

= (0.400 rad/sec CCW
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Chapter 5 - Plane Kinematics of Rigid Bodies

s5 | Instantaneous Center of Zero Velocity

We can solve the problem by choosing a unique reference point which
momentarily has zero velocity.

As far as velocities are concerned, the body may be considered to be in
pure rotation about an axis, normal to the plane of motion, passing
through this point.

This axis is called the instantaneous axis of zero velocity, and the
intersection of this axis with the plane of motion is known as the
Instantaneous center of zero velocity.

&)
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Chapter 5 - Plane Kinematics of Rigid Bodies

s5 | Instantaneous Center of Zero Velocity

Locating the Instantaneous Center

df/’w” Seolu s (w30 — SEo0 (cwaigo suSiSlS




Chapter 5 - Plane Kinematics of Rigid Bodies

SAMPLE PROBLEM 5/11

The wheel of Sample Problem 5/7, shown again here, rolls to the right
without slipping, with its center O having a velocity vp = 3 m/s. Locate
the instantaneous center of zero velocity and use it to find the velocity 6= 30°
of point A for the position indicated.

[w = v/r] ® = vo/ OC = 3/0.300 = 10 rad/s

AC = /(0.300)2 + (0.200)2 — 2(0.300)(0.200) cos 120° = 0.436 m

Ua
v = rol vs = ACw = 0.436(10) = 4.36 m/s f (\

,. 0200m

| e |
| 12(}5-5%\4 |
300 m

o
)
|C
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Chapter 5 - Plane Kinematics of Rigid Bodies

SAMPLE PROBLEM 5/12

Arm OB of the linkage has a clockwise angular velocity of 10 rad/sec . .
in the position shown where 6 = 45°. Determine the velocity of A, the ‘3‘} 6 ‘? 8 [‘?
velocity of D, and the angular velocity of link AB for the position shown. 63"
N
6!’."

Up B @MGB _ B\IE[]_U')

[{.r..' = U.!'r?'] wpe =

BC BC 142
= 4.29 rad/sec CCW
14
[v = rwl Vg = 1 (4.29) = 5.00 ft/sec
15.23
vp = “’12 (4.29) = 5.44 ft/sec
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si6 | Relative Acceleration

2 The relative-acceleration equation: a,=apg+a,;p

Relative Acceleration Due to Rotation

a, = ag + (a,8), + (ay/p);

(a’A/B)n = UA/Bz/r = ro?

(aa/p); = Vap =rat

(ag/g), =w X (@Xr)

(aA/B)t =0 XrTr

&)
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Chapter 5 - Plane Kinematics of Rigid Bodies

SAMPLE PROBLEM 5/13

The wheel of radius r rolls to the left without slipping and, at the in-
stant considered, the center O has a velocity vy and an acceleration a,
to the left. Determine the acceleration of points A and C on the wheel

for the instant considered.

w = vglr and a = aplr

ay, = ag T ayp = ag T (ayp), + (agp);

2
Ug
(@a0)n = row” = FD(T)

Qo
(@gjp)e = rga = 1y -

ay = \_.'"fﬂaAJEE + {EIA]'E:E

= Vlag cos 0 + (ao)al? + lag sin 6 + (ao)d?

= \,a"r{ra cos 0 + row?)? + (ra sin 6 + rya)?

df/’w” Seolu s (w30 — SEo0 (cwaigo suSiSlS




Chapter 5 - Plane Kinematics of Rigid Bodies

SAMPLE PROBLEM 5/13

The wheel of radius r rolls to the left without slipping and, at the in-
stant considered, the center O has a velocity vy and an acceleration a,
to the left. Determine the acceleration of points A and C on the wheel
for the instant considered.

ac=apgtagyg == aqo=re’

(0]

R
In

i .9
(@pighy =T®

~ _ P
— = ————
C lag,p)=ra
(@g,p)y =T
— 2 — 2
(acm}n =rao Qp =T®
an=ro
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si7 | Motion Relative to Rotating Axes

o The absolute position vector of A:

ry=rp+r=rz+ (xi +yj)

Time Derivatives of Unit Vectors

1= wj and J=-wi == izwxi and j=co><j

@ - |
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si7 | Motion Relative to Rotating Axes
Relative Velocity . .od,
r,=71g+ 2t (xi +yj)

=¥ + (xi +y]) + (i + 7j)

d+yj=eoxxitoxyj=wox xi+yj) = xr

xi + yj = Vrel
y\
= (V4 =Vp+®WXT+ Vy \ P(ﬁxedtqpath
and coincident
, with A) -~
Y 5 -
VA=V +WXTr+ V, l
Vp =Vp + VP/B + VA/P
@ P\X - Path of A

Vp = Vp + VA/PJ
V4 =Vp+ Va/B D X

dff,wb Seolu s (w30 — SEo0 (cwaigo suSiSlS
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si7 | Motion Relative to Rotating Axes

Transformation of a Time Derivative

< Transformation of the time derivative of the position vector between rotating
and nonrotating axes:

V=V,i+V,j

(dV) = (Vi +V,j) + (Vi + V,j)
dt Jxy

dv AV
-> (dt)xy_(dt)xy+ @xV

Vxy= V), + @ xV

&)
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si7 | Motion Relative to Rotating Axes

Relative Acceleration
aAzaB+der+mXi'+‘}rel

.ood . ;s e e
r=dt(x1+y,])=(x1+y,])+(x1+y,])=w><l‘+vrel

m—p OXT=0X(@Xr+v,) =X (@XTr)+nXV,y
. d .o .o .. .. e e
—) Vrel:dt(xl +yj) = (xi+yj) + (Xi+yj)

=w X (xi +yj) + (¥i + ¥j)
=W X Vi + Ayl

P | Ay =ap+OXTr+wX(WXr)+ 20 X Vg + Ay

&)
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si7 | Motion Relative to Rotating Axes

Relative Acceleration

ay=ag+OXr+wX (WXr)+ 2w X Vv, + a,

\
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si7 | Motion Relative to Rotating Axes

Coriolis Acceleration

The term 2w X v,y

, VY
y
\
\
\
//x \
U] = X = constant xw db
———X
ay=wX(WXr)+ 20 X vy —) a, = —xwi + 2i0j

&)
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si7 | Motion Relative to Rotating Axes

Rotating versus Nonrotating Systems

ay=ag+OXr+wX(@Xr)+ 2w X v, + a,

ap=ap+ ap/p + ay/p
a, = ap ‘ + aAﬂi
a, = apg + aA/B

» aAzaP'l'zwarel'l'arel

&)
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Chapter 5 - Plane Kinematics of Rigid Bodies

SAMPLE PROBLEM 5/16

At the instant represented, the disk with the radial slot is rotating
about O with a counterclockwise angular velocity of 4 rad /sec which
is decreasing at the rate of 10 rad/sec®. The motion of slider A is sep-
arately controlled, and at this instant, » = 6 in., » = 5 in./sec, and r =
81 in./sec’. Determine the absolute velocity and acceleration of A for
this position.

w = 4 rad/sec —~—

" @ = 10 rad/sec2

V..-’l.:mxr-i_vrel

vy = 4k X 6i + 5i = 24j + 5i in./sec

va = V(24)2 + (5)% = 24.5 in./sec Y
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Chapter 5 - Plane Kinematics of Rigid Bodies

® =4 rad/sec ~__

N

@ = 10 rad/sec?

N
ay =0 X (@Xr) teoXr+ 2w X v, +a,

o X (wXr)=4k X (4dk X 6i) = 4k X 245 = —96i in./sec?
@ X r = —10k x 6i = —60j in./sec?
20 X v, = 2(4dk) x 5i = 40j in./sec®

a . = 81i in./sec?

= a, = (81 — 96)i + (40 — 60)j = —15i — 20j in./sec?

aq = (15)%2 + (20)% = 25 in./sec?
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